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Abstract
In this paper, we have studied the holographic subregion complexity for boosted black brane
for strip like subsystem. The holographic subregion complexity has been computed for a
subsystem chosen along and perpendicular to the boost direction. We have observed that
there is an asymmetry in the result due to the boost parameter which can be attributed
to the asymmetry in the holographic entanglement entropy. The Fisher information metric
and the fidelity susceptibility have also been computed using bulk dual prescriptions. It is
observed that the two metrics computed holographically are not related for both the pure
black brane as well as the boosted black brane. This is one of the main findings in this paper
and the holographic results have been compared with the results available in the quantum
information literature where it is known that the two distances are related to each other in
general.
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1 Introduction
The discovery of gauge/gravity duality which relates conformal field theories living on the bound-
ary of anti-de Sitter (AdS) spacetime to the bulk theory living in one extra spatial dimension
has proved to be a remarkable progress in theoretical physics [1, 2, 3]. It has enabled us in
getting deep insights in strongly coupled condensed matter systems and has also been the focus
of recent developments in the field of string theory [4]-[11]. Holographic computation of quan-
tum information theoretic quantities such as entanglement entropy (EE) and complexity of a
subsystem living on the boundary conformal field theory (CFT) has also been an intense area of
research [12]-[30]. Investigations in these directions have led to significant understanding of the
basic laws governing such systems. It has been realized that small perturbations in the density
matrix in the boundary field theory obey thermodynamic like relations which are similar to the
black hole thermodynamical relations [31]-[53]. Interestingly such kind of relations have also
been observed in the case of holographic complexity [54, 55]. The calculation prescription, for
instance, for holographic EE involves the evaluation of the geometric area of spatial extremal
surfaces embedded in asymptotically AdS spacetime whose boundary ends on the boundary of
the subsystem at a fixed time [12, 13].
In this paper, the computation of holographic subregion complexity (HSC) for (d + 1)-
dimensional boosted black brane has been carried out for a strip like subsystem. The motivation
of looking at such systems comes from the fact that there has been a lot of study where boosted
brane solutions have provided a direct connection between the boundary theory and string
theory. To be more precise, the AdS/CFT correspondence have been investigated in cases
involving a pp-wave propagating along a particular direction in the world-volume of the classical
p-brane configuration [56, 57]. Two distinct cases are known to arise here which depends on
the configuration being BPS saturated or not. The effect of including the pp-wave in the non-
BPS case turns out to be equivalent locally to a Lorentz boost given along the direction of
propagation of the wave. It is to be noted that the validity of the equivalence is global if the
direction of propagation of the pp-wave is uncompactified. However, if the direction along which
the pp-wave propagates is wrapped on a circle, the equivalence is valid only locally. It is due
to this reason that p-branes with pp-waves propagating on their world-volumes are refereed to
as boosted p-branes. Further motivation of studying such systems comes from the fact that
boosted AdS black brane backgrounds correspond to a thermal plasma uniformly boosted in a
certain direction in the boundary theory [52].
Before proceeding with this computation, we would like to mention about the other propos-
als existing in the literature to compute the complexity holographically. The prescription to
compute the holographic complexity (HC) was first proposed in [17, 18]. The proposal stated
that the complexity of a state, measured in gates, is given by the volume of the Einstein-Rosen
bridge (ERB) and reads
CV (tL, tR) =
V (tL, tR)
RG
(1)
where V is the spatial volume of the ERB. This volume is defined to be the maximum volume
codimension one surface bounded by the CFT spatial slices at times tL, tR on the two boundaries.
The above formula is true up to a proportionality factor of order one which is unknown due to
the problem of defining the gate complexity more precisely than this.
Yet another proposal for computing the HC of a system exists in the literature. The content
of the proposal is the following. The HC of a system can be obtained from the bulk action
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evaluated on the Wheeler-DeWitt patch [19]
CW =
A(W )
pi~
(2)
where A(W ) is the action evaluated on the Wheeler-DeWitt patch W with a suitable boundary
time. It is to be noted that in both the above proposals, the HC depends on the whole state of
the physical system and therefore is not a property of a specific subsystem.
In this paper, we shall use the HSC proposal [20], which depends on the reduced state
of the system. It says that for subsystem A in the boundary, if V (γ) denotes the maximal
codimension one volume enclosed by the codimension two minimal RT surface in the bulk, then
the holographic subregion complexity can be calculated from the following formula
CV =
V (γ)
8piRG
(3)
where R is the radius of curvature of the spacetime.
With the thin strip approximation one may consider that the bulk extension only penetrates
the ultra violet region of the spacetime under consideration. The boosted black brane geometry
in the ultra violet limit can be considered as a perturbation around AdS spacetime. In this
paper, we have computed the HSC using the complexity-(RT) volume proposal in eq.(3) for the
boosted black brane. In particular, we have carried out our computation upto both first and
second orders in the perturbation parameter. Upto first order in perturbation, the HSC has
been computed for the subsystem in both parallel and perpendicular directions of boost. We
have then defined a ratio which can be identified as the holographic complexity asymmetry and
compute this ratio. We have then extended our analysis to second order in perturbation. In this
case we have computed the HSC for the subsystem which is perpendicular to the direction of
boost. We have then moved on to compute holographically the Fisher information metric and
the fidelity susceptibility for the boosted black brane. In this context, we would like to mention
that there are two well known notions of distances in the quantum information literature, one
is the Fisher information metric and the other is the Bures metric, also known as the fidelity
susceptibility. It is also known in the quantum information literature that the two distances
are the same for two infinitesimally close pure states [37] and other related cases [36, 38, 39].
In general cases they are related [40]. We know that the proposed bulk duals of the boundary
quantities should reproduce some of the properties of their boundary counterparts. For example
holographic EE is shown to satisfy the subadditivity relations [41]-[43] and the entanglement
first law [31]. Motivated by this result we would like to look in this paper its status in the
holographic setup. The holographic computation of Fisher information metric is carried out
using the proposal in [44] for both the pure black brane as well as the boosted black brane. We
then follow the proposal in [49] to compute the Fisher information metric holographically. The
proposal involves computing the change in subregion holographic complexity upto second order
in perturbation about the pure AdS spacetime and multiplying it by a dimensionless constant
Cd. The constant is fixed by comparing it with the result obtained from the relative entropy
[44, 52, 50]. The other notion of distance, the fidelity susceptibility has also been computed
using the prescription given in [51]. It has been argued that the gravity dual of the fidelity
susceptibility is approximately given by the volume of the maximal time slice in AdS spacetime
when the perturbation is exactly marginal. It was also generalized to incorporate mixed states
also. The prescription was then applied to compute the fidelity susceptibility of the black brane.
In this paper, this computation has been carried out for the boosted black brane.
3
Another aspect that has been looked at in this investigation is the following. Modifications
to the holographic entanglement entropy (HEE) first law of thermodynamics have been obtained
in AdS spacetimes carrying gauge charges [34, 53]. In particular, the boosted AdS black branes
have given rise to modifications of the first law of holographic entanglement thermodynamics
(HET) [53, 58]. It has been observed that the boosted black branes leads to an asymmetry in
the first law of HET. In this work, two cases were investigated, namely, strip subsystem parallel
to the boost direction and also the other perpendicular to the boost direction. It was found that
∆S⊥ ≥ ∆S‖ and the entanglement asymmetry ratio was also computed. The asymmetry was
found to be dependent on the boost parameter and was bounded from above. As mentioned in
the earlier preceding paragraph that the computation of the HSC has also been done for two
cases, namely, strip subsystem parallel to the boost direction and also the other perpendicular
to the boost direction. These studies also allow us to find asymmetry in the HSC for the two
cases. Further, the investigations also puts some light on the dependence of the HSC with the
holographic entanglement entropy. This dependence of the HSC on the HEE gives a possible
reason for the asymmetry in the HSC since it was observed in [58] that the HEE (for the
strip subsystem parallel or perpendicular to the boost direction) has an asymmetry due to the
difference in the entanglement pressure in the two directions.
This paper is organized as follows . In section (2), computation of HSC for (d+1)- dimensional
AdS spacetime for a strip like subsystem has been done. The computation of HSC for (d+ 1)-
dimensional boosted black brane has been carried out in section (3). In section (4), we given
a detailed analysis of the Fisher information metric and the fidelity susceptibility for boosted
black brane. We have concluded in section (5). The paper also contains an appendix.
2 Holographic subregion complexity for (d+1)- dimensional AdS
spacetime
In this section, we shall present a review of the computation of the HSC for a strip like entangling
surface in (d+ 1)- dimensional AdS spacetime [21]. The AdSd+1 metric is given by
ds2 =
−dt2 + dx12 + · · ·+ dxd−12 + dz2
z2
(4)
where we have set the AdS radius R = 1. To compute the holographic subregion complexity we
embed a strip like surface in this background given by t = constant, x1 = x1(z). The boundaries
of the extremal bulk surface coincide with the two ends of the interval (− l2 ≤ x1 ≤ l2). The
regulated size of the rest of the coordinates is taken to be large with 0 ≤ xi ≤ Li. The area of
the strip like surface is given by
A(0) = 2V(d−2)
∫ z∗(0)
0
dz
zd−1
√
1 + x′1(z)
2 (5)
where z
(0)
∗ is the turning point of the surface and V(d−2) = L2L3 · · ·Ld−1. The minimal surface
is obtained by minimizing the area functional. On minimizing we get
x′1(z) =
1√(
z∗(0)
z
)2(d−1)
− 1
. (6)
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The identification of the boundary x1(0) = l/2 leads to the integral relation
l
2
=
∫ z∗(0)
0
dz√(
z∗(0)
z
)2(d−1)
− 1
= z∗
(0)
∫ 1
0
td−1
dt√
1− t2(d−1)
= z∗
(0)b0 (7)
where t = z
z∗(0)
. The volume of the minimal surface is given by
V(0) = 2V(d−2)
∫ z∗(0)
δ
dz
zd
∫ x1(z)
0
dx1(z) (8)
where δ is the UV cutoff. Now using eq. (6) we can write eq. (8) as
V(0) = 2V(d−2)
∫ z∗(0)
δ
dz
zd
∫ z∗(0)
z
(
u
z∗(0)
)d−1
du√
1− ( u
z∗(0)
)2(d−1)
=
V(d−2)
(d− 1)
l
δd−1
− 2
d−2pi
(d−1)
2
(d− 1)2

 Γ
(
d
2d−2
)
Γ
(
1
2(d−1)
)


d−3
V(d−2)
ld−2
(9)
where we have used eq. (7) in writing the second line of the above equation. Hence the HC for
pure AdS spacetime is given by
C(0) =
V(0)
8piG(d+1)
=
V(d−2)
8piG(d+1)(d− 1)
l
δd−1
− 2
d−2pi
(d−1)
2
8piG(d+1)(d− 1)2

 Γ
(
d
2d−2
)
Γ
(
1
2(d−1)
)


d−3
V(d−2)
ld−2
. (10)
Note that the first term in the holographic complexity is divergent (volume law) whereas the
second term is finite. In the next section, we proceed to investigate the subregion holographic
complexity of the boosted black brane.
3 Holographic subregion complexity for boosted AdSd+1 black
brane
The boosted AdSd+1 black brane metric is given by
ds2 =
1
z2
(
−fdt
2
K
+K(dy − ω)2 + dx21 + · · ·+ dx2d−2 +
dz2
f
)
(11)
with
K(z) = 1 + β2γ2
zd
zd0
, f(z) = 1− z
d
zd0
. (12)
where 0 ≤ β ≤ 1 is the boost parameter, γ = 1√
1−β2
and z0 is the horizon of the black brane.
It is clear from the metric that the boost is taken along y direction and the radius of curvature
of AdS spacetime has been set to one. The Kaluza-Klein one form ω reads
ω = β−1(1− 1
K
)dt. (13)
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The metric (11) has an anisotropy due to the boost along y direction. This motivates us to
investigate the effect of anisotropy on subregion holographic complexity. To carry out this
investigation, we compute the subregion complexity for two cases, firstly, for a strip along the
direction of boost (y- direction) and secondly, for a strip in the direction perpendicular to the
boost (x- direction).
3.1 Strip parallel to the direction of boost
To compute the HSC for a strip-like subregion we consider that the boundaries of the extremal
bulk surface coincide with the two ends of the interval −l/2 ≤ y ≤ l/2 and 0 ≤ xi ≤ Li, with
Li ≫ l. The extremal surface is parametrized as y = y(z). Furthermore we have taken the strip
to be thin, so that the bulk extension can only penetrate the UV geometry.
Using the Ryu-Takayanagi prescription the entanglement entropy for this strip like subsystem
is given by
S‖ ≡
Area(γminA )‖
4G(d+1)
=
V(d−2)
2G(d+1)
∫ z‖∗
δ
dy
zd−1
√
K(z) +
(∂yz)2
f(z)
(14)
where G(d+1) is (d + 1)-dimensional Newton’s constant, δ is the UV cutoff and V(d−2) ≡
L1L2L3 · · ·Ld−2. As we are interested in computing the change in complexity from pure AdS
spacetime, we can choose Li in such a way so that this V(d−2) has same value as in pure AdS
case. Here z
‖
∗ is the turning point of the extremal surface inside the bulk geometry.
Now using the standard procedure of minimization we obtain from eq. (14) the following ex-
pression for the extremal surface
dy
dz
≡ ( z
z
‖
∗
)d−1
1√
f(z)K(z)
√
K(z)
K∗
− ( z
z
‖
∗
)2d−2
(15)
where K∗ = K(z)|z=z‖∗ . To find an expression for the turning point in terms of the strip length
we make the identification y(0) = l/2. This gives
l
2
=
∫ z‖∗
0
dz
(
z
z
‖
∗
)d−1
1√
f(z) K(z)
√
K(z)
K∗
− ( z
z
‖
∗
)2d−2
.
For small subsystem the turning point of the RT surface will be near to the AdS boundary region
(z
‖
∗ ≪ z0). Now for finite boost we can evaluate the above integral by expanding it around the
pure AdS such that the condition
(
z
‖
∗
z0
)d ≪ 1 , β2γ2
(
z
‖
∗
z0
)d
≪ 1 (16)
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is always preserved. Under this approximation we can write the above integral as follows
l
2
= z
‖
∗
∫ 1
0
dt td−1
1√
R
[1 +
1
2
pdtd − 1
2
qdtd +
1
2
qd
1− td
R
+ · · · ]
≡ z‖∗
(
b0 +
1
2
(pdb1 − qdb1 + qdIl)
)
+ · · · (17)
where we have introduced R ≡ 1− t2d−2 , t = z
z
‖
∗
, qd = β2γ2
(
z
‖
∗
z0
)d
, p = z
‖
∗
z0
and the dots indicate
terms of higher order in (z
‖
∗
z0
)d. The coefficients b0, b1, and Il are provided in the appendix(A).
As we are using the metric (11) to compute subregion HC keeping the strip length l same as in
the case of pure AdS spacetime, hence the turning point of the extremal surface will change. To
express the new turning point z
‖
∗ in terms of z∗
(0), which is the turning point in AdS spacetime,
we invert eq. (17) and use eq. (7) to get
z
‖
∗ =
l/2
b0 +
1
2 (p
db1 − qdb1 + qdIl)
≃ z∗
(0)
1 + 12(p¯
d b1
b0
− q¯d b1b0 + q¯d
Il
b0
)
(18)
where we have kept terms only up to (z
‖
∗
z0
)d under the thin strip approximation and p¯ = z∗
(0)
z0
and q¯d = β2γ2(z∗
(0)
z0
)d.
Now the volume of the bulk extension under the RT minimal surface is given by
V‖ = 2V(d−2)
∫ z‖∗
δ
dz
zd
√
K(z)
f(z)
∫ z‖∗
z
dz(
u
z
‖
∗
)d−1
1√
f(u)K(u)
√
K(u)
K∗
− ( u
z
‖
∗
)2d−2
=
2V(d−2)
z
‖
∗
d−2
∫ 1
δ
z
‖
∗
dt
td
√
K(t)
f(t)
∫ 1
t
dw wd−1
1√
f(w)K(w)
√
K(w)
K∗
− w2d−2
(19)
where w = u
z
‖
∗
, K(w) = 1 + (wq)d, f(w) = 1 − (tp)d . Now in the limit (16) one can make an
expansion of the functions (K, f) and keep terms up to linear order. This enables us to write
the volume enclosed by the RT as a series around the pure AdS volume.
Under these approximations we can expand the volume as
V‖ =
2V(d−2)
z
‖
∗
d−2
∫ 1
δ
z
‖
∗
dt
td
(
1 +
td
2
(pd + qd)
)∫ 1
t
dw wd−1
1√
f(w)K(w)
√
K(w)
K∗
− w2d−2
=
2V(d−2)
z
‖
∗
d−2
∫ 1
δ
z
‖
∗
dt
td
∫ 1
t
dw wd−1
1√
f(w)K(w)
√
K(w)
K∗
− w2d−2
+
V(d−2)
z
‖
∗
d−2
(
pd + qd
) ∫ 1
δ
z
‖
∗
dt
∫ 1
t
dw wd−1
1√
f(w)K(w)
√
K(w)
K∗
− w2d−2
.
(20)
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After evaluating these straight forward integrals, we use eq. (18) to obtain the minimal volume
V‖ in terms of the minimal volume of pure AdS spacetime (eq.(9)) to get
V‖ = V(0) −
V(d−2)p¯
d
(d− 1)z∗(0)d−2
(
(d− 2)pib1
2(d− 1)b20
+ (2− d)c0
)
− V(d−2)q¯
d
(d− 1)z∗(0)d−2
(
(d− 2)pi
2(d− 1)2b0 (
2b1
b0
− 1) + c2 − c0d
)
(21)
where we have kept terms upto linear order in p¯d and q¯d. We can recast the change in volume
using eq. (7) in terms of the length l of the strip as
∆V‖ = V‖ − V(0)
= − V(d−2)l
2
4b0
2(d− 1)z0d
[(
(d− 2)pib1
2(d − 1)b02
+ (2− d)c0
)
+β2γ2
(
(d− 2)pi
2(d− 1)2b0 (
2b1
b0
− 1) + c2 − c0d
)]
. (22)
Hence the change in complexity for a strip parallel to the direction of boost is given by
∆C
(1)
‖ ≡
∆V‖
8piG(d+1)
= − V(d−2)l
2
32piG(d+1)b0
2(d− 1)z0d
×
[(
(d− 2)pib1
2(d− 1)b02
+ (2− d)c0
)
+ β2γ2
(
(d− 2)pi
2(d − 1)2b0 (
2b1
b0
− 1) + c2 − c0d
)]
.
(23)
It can be clearly seen that the change in holographic complexity depends on the boost parameter.
Note that in the β → 0 limit, the result agrees with the pure black brane result obtained in [21].
This can be recast in the following form
∆C
(1)
‖ = −
pi(d− 2)
2(d− 1)3b20
[
∆S‖ −
b20
(d+ 1)b21
∆S⊥
]
(24)
where the expression for ∆S‖ and ∆S⊥ are given by [58],
∆S‖ =
V(d−2)l
2b1(d+ 1)
32G(d+1)b
2
0z
d
0
(
d− 1
d+ 1
+
2
d+ 1
β2γ2
)
∆S⊥ =
V(d−2)l
2b1(d+ 1)
32G(d+1)b
2
0z
d
0
(
d− 1
d+ 1
+ β2γ2
)
(25)
are the change in entanglement entropies up to first order in perturbation.
The interesting point to note in the above result is that the change in holographic complexity
in the parallel direction contains information of the changes in the holographic entanglement
entropy in both the parallel and the perpendicular directions of the boost with the respect to
the subsystem.
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3.2 Strip perpendicular to the direction of boost
In this subsection, we essentially follow the analysis similar to the earlier section to compute
the HSC of the strip like subsystem with the strip being perpendicular to the direction of boost.
Using the Ryu-Takayanagi prescription the entanglement entropy for this strip like subsystem
is as follows
S⊥ ≡
Area(γminA )⊥
4G(d+1)
=
V(d−2)
2G(d+1)
∫ z⊥∗
δ
dz
zd−1
√
K(z)
√
1
f(z)
+ (∂zx1)2 . (26)
Here z⊥∗ is the turning point of the extremal surface inside the bulk geometry. Now using
the standard procedure of minimization we obtain from eq. (26) the following expression for
extremal surface
dx1
dz
=
(
z
z⊥∗
)d−1 1√
f(z)
√
K(z)
K∗
− ( z
z⊥∗
)2d−2
(27)
where K∗ = K(z)|z=z⊥∗ . To find an expression for the turning point in terms of the strip length
we make the identification x1(0) = l/2. This yields
l
2
=
∫ z⊥∗
0
dz
(
z
z⊥∗
)d−1 1√
f(z)
√
K(z)
K∗
− ( z
z⊥∗
)2d−2
where we have taken the same subsystem size as in the parallel case and is assumed to be small.
Hence the turning point will lie near the asymptotic region (z⊥∗ ≪ z0). Thus for finite boost we
can expand the above integral around pure AdS preserving the following condition
(
z⊥∗
z0
)d ≪ 1 , β2γ2
(
z⊥∗
z0
)d
≪ 1 (28)
Thus in this limit, expanding the above integral gives
l
2
= z⊥∗
∫ 1
0
dt td−1
1√
R
[1 +
1
2
xdtd +
1
2
yd
1− td
R
+ · · · ]
= z⊥∗
(
b0 +
1
2
(xdb1 + y
dIl)
)
+ · · · (29)
where we have introduced R ≡ 1 − t2d−2, t = z
z⊥∗
, yd = β2γ2(z
⊥
∗
z0
)d, x = (z
⊥
∗
z0
) and the dots
indicate terms of higher order in (z
⊥
∗
z0
)d.
To express the new turning point z⊥∗ in terms of z∗
(0), we invert eq. (29) and use eq. (7) to get
z⊥∗ =
l/2
b0 +
1
2(x
db1 + ydIl)
≃ z∗
(0)
1 + 12(x¯
d b1
b0
+ y¯
d
b0
Il)
(30)
9
where we have kept the terms only upto (z
⊥
∗
z0
)d under the thin strip approximation. Note that
the two turning points, the perpendicular and the parallel, reduces to the same result in the
β → 0 limit.
Now the volume of the bulk extension under RT minimal surface is given by
V⊥ = 2V(d−2)
∫ z⊥∗
δ
dz
zd
√
K(z)
f(z)
∫ z⊥∗
z
dz(
u
z⊥∗
)d−1
1√
f(u)
√
K(u)
K∗
− ( u
z⊥∗
)2d−2
=
2V(d−2)
z⊥∗
d−2
∫ 1
δ
z⊥∗
dt
td
√
K(t)
f(t)
∫ 1
t
dw wd−1
1√
f(w)
√
K(w)
K∗
− w2d−2
(31)
Once again in the limit z
⊥
∗
z0
≪ 1, one can make an asymptotic expansion of the defining functions
(K, f) in terms of this parameter up to linear order. Under these approximations we can write
the volume as
V⊥ =
2V(d−2)
z⊥∗
d−2
∫ 1
δ
z⊥∗
dt
td
(
1 +
td
2
(xd + yd)
)∫ 1
t
dw wd−1
1√
f(w)
√
K(w)
K∗
− w2d−2
=
2V(d−2)
z⊥∗
d−2
∫ 1
δ
z⊥∗
dt
td
∫ 1
t
dw wd−1
1√
f(w)
√
K(w)
K∗
− w2d−2
+
V(d−2)
z⊥∗
d−2
(
xd + yd
)∫ 1
δ
z⊥∗
dt
∫ 1
t
dwwd−1
1√
f(w)
√
K(w)
K∗
− w2d−2
. (32)
Evaluating these straight forward integrals we use eq. (30) to obtain the minimal volume in
terms of the minimal volume of pure AdS spacetime. This leads to
V⊥ = V(0) −
V(d−2)x¯
d
(d− 1)z∗(0)d−2
(
(d− 2)pib1
2(d − 1)b02
+ c0
)
− V(d−2)y¯
d
(d− 1)z∗(0)d−2
(
(d− 2)piIl
2(d − 1)b02
+ c2
)
+
V(d−2)c0
z∗(0)
d−2
(
x¯d + y¯d
)
(33)
where we have kept terms up to linear order in x¯d and y¯d. In terms of the length l of the strip,
the change in volume can be recast in the form
∆V⊥ ≡ V⊥ − V(0)
= − V(d−2)l
2
4b0
2(d− 1)z0d
[(
(d− 2)pib1
2(d − 1)b02
+ (2− d)c0
)
+β2γ2
(
(d− 2)piIl
2(d − 1)b02
+ c2 − (d− 1)c0
)]
. (34)
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Hence the change in complexity for a strip perpendicular to the direction of boost is given by
∆C
(1)
⊥ =
∆V⊥
8piG(d+1)
= − V(d−2)l
2
32piG(d+1)b0
2(d− 1)z0d
×
[(
(d− 2)pib1
2(d − 1)b02
+ (2− d)c0
)
+ β2γ2
(
(d− 2)piIl
2(d− 1)b02
+ c2 − (d− 1)c0
)]
(35)
which can be recast in the following form
∆C
(1)
⊥ = ∆C
(1)
‖ −
V(d−2)l
2β2γ2c0
32piG(d+1)(d− 1)b20zd0
[
1 + (d− 2)(d + 1)b
2
1
b20
]
. (36)
Note that there is an asymmetry in the holographic subregion complexities in both the directions
which owes its origin to the boost parameter. In the β → 0 limit, this asymmetry vanishes and
reassuringly both the changes agree with each other.
The above expression for ∆C
(1)
⊥ can also be recast in a form similar to eq.(24). This reads
∆C
(1)
⊥ =
1
2(d− 1)3
[
∆S‖
(d+ 1)b21
−∆S⊥
(
d− 2
b20
− d− 3
(d+ 1)b21
)]
. (37)
We now proceed to investigate the asymmetry in the result in HSC for the parallel and per-
pendicular directions of the boost with respect to the subsystem size. For this let us define a
quantity
RC =
∆C
(1)
⊥ −∆C(1)‖
∆C
(1)
⊥ +∆C
(1)
‖
. (38)
This can be called the holographic subregion complexity ratio. To understand the effect of
anisotropy on the HSC, we use eq.(s) (24, 37) to get
RC =
[
2−d
2(d−1)3b20
− 1
2(d−1)3(d+1)b21
]
A
2−d
2(d−1)3b20
+ R+2d−5
2(d−1)3(d+1)b21
(39)
where R and A are given by [58]
R = ∆S‖
∆S⊥
=
1 + 2d−1β
2γ2
1 + d+1d−1β
2γ2
(40)
A = ∆S⊥ −∆S‖
∆S⊥ +∆S‖
=
1−R
1 +R
=
β2γ2
2 + d+3d−1β
2γ2
. (41)
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It is easy to check that RC ≥ 0 for β ≥ 0. Hence, there is an asymmetry in the holographic
subregion complexities for the perpendicular and parallel directions of the boost with respect
to the system. This asymmetry in the holographic subregion complexities owes its origin to
the asymmetry in the holographic entanglement entropies in the perpendicular and the parallel
directions. The key to this holographic entanglement entropy asymmetry can be related to the
unequal entanglement pressure [58]. Studies of holographic entanglement entropy in spatially
anisotropic field theory also showed such asymmetry owing its origin to the fact that the pressure
in one direction is different from the others [59]. This is also consistent with the results obtained
using the complexity equals action proposal [61].
It is important to note from eq.(39) that the minimum value of RC is zero which corresponds
to β = 0. Further we note from eq.(39) that the maximum value of RC will depend on the
maximum value of A and R. Their maximum value is obtained by taking the simultaneous limit
β → 1 and z0 → ∞ keeping the ratio β
2γ2
zd0
= 1
zd
I
= fixed such that the perturbative expression
remains valid. In this simultaneous limit the boosted black brane geometry reduces to the AdS
pp-wave background
ds2 =
L2
z2
(−K−1dt2 +K(dy − (1−K−1)dt)2 + dx21 + · · ·+ dx2d−2 + dz2)
(42)
whereK(z) = 1+ z
d
zd
I
. For this geometry the entanglement pressure along the wave direction only
is non-zero while the entanglement pressure in all other directions vanishes. Thus the pressure
(difference) asymmetry is maximum. In this background the maximum values of R = 2d+1 and
A = d−1d+3 is acheived. Thus the difference in entanglement pressure in the CFT is the source of
the asymmetry in complexity.
In the β → 0 limit RC = 0. The β → 0 limit implies that the complexity is same (∆C(1)⊥ =
∆C
(1)
‖
) in both the parallel or perpendicular directions of the subsystem.
3.3 Holographic subregion complexity upto second order in perturbation
In this section we have computed the HSC for strip like subregion in boosted black brane (11)
background with the perturbation up to second order in (z∗z0 )
d and β2γ2(z∗z0 )
d around the pure
AdS background. The strip has been chosen to be in a direction perpendicular to the direction
of boost. As we are interested in second order perturbation, therefore the expression for the
turning point and volume will receive some corrections. As the volume under minimal surface
depends upon the turning point of the minimal surface, hence we shall first compute the change
in turning point. To begin with let us first compute the length l of the subsystem perturbatively
in the same limit as in eq.no (28) up to second order. The expression for length of the subsystem
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when the strip is perpendicular to the direction of boost is given by
l
2
=
∫ z∗
0
dz√
1− ( zz0 )d
(z/z∗)
d−1√
K(z)
K∗
− (z/z∗)2(d−1)
= z∗
[∫ 1
0
dt
td−1√
R
+
xd
2
∫ 1
0
dt
td−1√
R
(
td + β2γ2
1− td
R
)
+x2d
∫ 1
0
dt
td−1√
R
(
3
8
t2d +
β2γ2
4
td(1− td)
R
+ β4γ4
(
3
8
(1− td)2
R2
− 1
2
1− td
R
))]
= z∗
[
b0 +
xd
2
(b1 + β
2γ2Il) + x
2d(
3
8
b2 + Jl)
]
, (43)
where the coefficients b0, b1, Il and Jl are given in the appendix(A). In order to express this
turning point z∗ in terms of the turning point z
(0)
∗ of pure AdS background, we use eq. (7) to
get
z∗ =
z
(0)
∗
1 + 12b0 (b1 + β
2γ2Il)x¯d + (
3b2
8b0
+ Jlb0 − d(
b1+β2γ2Il
2b0
)2)x¯2d
(44)
where x¯ = z
(0)
∗ /z0. Now the expression for volume is given by
V ≃ 2V(d−2)
zd−2∗
∫ 1
δ
z∗
dt
td
(
1 +
xd + yd
2
td + (
3
8
x2d +
xdyd
4
− y
2d
8
)t2d
)
×
∫ 1
t
dw
1√
f(w)
wd−1√
K(w)
K∗
− w2(d−1)
. (45)
After some lengthy calculations, we obtain the volume from the above expression to be
V = V(0) −
V(d−2)x¯
d
(d− 1)z¯d−2∗
(
d− 2
d− 1
pib1
2b20
+ (2− d)c0
)
− V(d−2)y¯
d
(d− 1)z¯d−2∗
(
d− 2
d− 1
piIl
2b20
+ c2 − (d− 1)c0
)
−V(d−2)x¯
2d
z¯d−2∗
v00 −
V(d−2)x¯
dy¯d
z¯d−2∗
v01 +
V(d−2)y¯
2d
z¯d−2∗
v11 (46)
where V(0) is the volume under RT surface for pure AdS given in eq. (9) with
v00 =
(
3pib2
8b20
d− 2
(d− 1)2 −
pib21
8b30
(d− 2)(d + 3)
(d− 1)2 +
c0b1
b0
d− 2
d− 1 −
c1
2
d2 − 4
d2 − 1
)
v01 =
(
b1
b0
(c0 − c2
d− 1)− (
c3
2
+
(d+ 2)c1
2(d+ 1)
) +
d− 2
d− 1
c0Il
b0
+
2K1
d− 1
+
d− 2
(d− 1)2
piJ1
b20
− (d− 2)(d + 3)
(d− 1)2
pib1Il
4b30
)
v11 =
(
c3
2
− c1
4(d+ 1)
+
2K2
d− 1 − (c0 −
c2
d− 1)
Il
b0
− d− 2
(d− 1)2
piJ2
b20
+
(d− 2)(d + 3)
(d− 1)2
piI2l
8b30
)
.
(47)
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Now using the expression given in the earlier section for subregion HC for strip perpendicular to
the direction of boost with perturbation up to first order, we write the HSC upto second order
in the perturbation to be
∆C = ∆C
(1)
⊥ +∆C
(2)
⊥ (48)
where
∆C
(2)
⊥ = −
V(d−2)l
d+2
8piG(d+1)z
2d
0 (2b0)
d+2
[
v00 + β
2γ2v01 − β4γ4v11
]
. (49)
This is the second order change in the holographic complexity. We will use this expression in
the next section to calculate the Fisher Information metric. It is important to note that the
boosted black brane is a stationary spacetime. For such spacetimes one should use the covariant
HRT proposal instead of the static RT proposal. However it can be shown that at first order
of the perturbative expansion it is sufficient to take the t = constant slicing. At first order,
the sole contribution comes from the metric perturbations [45]-[47]. Deviations of the minimal
surface only contribute at the second order. Thus at second order one cannot work with the
same t = constant embedding for stationary asymptotically AdS spactimes. But as shown in
[48] one can still work with the t = constant slice in the boosted black brane spacetime but only
for the perpendicular case. This is due to the fact that the minimal surface still remains in the
same time slice. The deviations contribute in other spatial directions.
4 Fisher information metric and Fidelity susceptibility
In this section, we shall compute the Fisher information metric and the fidelity susceptibility
for the boosted black brane from the proposals existing in the literature. Before we begin
our analysis we would like to briefly mention about the quantities in the context of quantum
information theory. Two well known notion of distance between two quantum states exist in
the literature. One is the Fisher information metric and the other is the Bures metric or fidelity
susceptibility. The Fisher information metric is defined as [49]
GF,λλ = 〈δρ δρ〉(σ)λλ =
1
2
tr
(
δρ
d
d(δλ)
log(σ + δλδρ)|δλ=0
)
(50)
where δρ is a small deviation from the density matrix σ.
A second notion of distance between two states is known as fidelity susceptibility and reads
Gλλ = ∂
2
λF ; F = tr
√√
σλρλ+δλ
√
σλ (51)
where σ and ρ are the initial and final density matrices, F is called the fidelity.
The first holographic computation of the Fisher information metric was carried out in [44], with
the Fisher information metric defined as
GF,mm =
∂2
∂m2
Srel(ρm ‖ ρ0); Srel(ρm ‖ ρ0) = ∆〈Hρ0〉 −∆S (52)
where m is a perturbation parameter, ∆〈Hρ0〉 is the change in modular Hamiltonian and ∆S is
the change in entanglement entropy from the vacuum state. It has been shown in [44] that at
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first order in m the relative entropy vanishes(Entanglement First Law) and in second order in
m the relative entropy is given by Srel = −∆S(2). With this basic background in place we first
compute the Fisher information metric for the black brane.
The inverse of the lapse function can be written as
1
f(z)
=
1
1− zd
zd0
= 1 +mzd +m2z2d + · · · (53)
where m = 1/zd0 , which is the perturbation parameter in the bulk. In terms of this parameter
the change in area of the minimal surface upto second order is given by [52]
A−A0 =
[
V(d−2)a1l
2
4b20
d− 1
d+ 1
m+
V(d−2)a1h0l
d+2
(2b0)d+2
m2
]
(54)
where
h0 =
d− 1
d+ 1
(
− b1
2b0
+
3(d + 1)
4(2d + 1)
a2
a1
)
. (55)
The relative entropy in this case becomes
Srel = − 1
4G(d+1)
[
V(d−2)a1h0l
d+2
(2b0)d+2
m2
]
. (56)
It is to be noted that h0 has negative values for all d. Hence Srel is a positive quantity.
From eq. (52), the Fisher information metric therefore reads
GF,mm =
∂2
∂m2
Srel = −
V(d−2)a1h0l
d+2
2G(d+1)(2b0)d+2
. (57)
In [49], a proposal for computing the above quantity was given. The proposal is to consider the
difference of two volumes yielding a finite expression
F = Cd(V(m2) − V(0)) (58)
where V(m2) is evaluated for a second order fluctuation about AdS spacetime. Cd is a dimen-
sionless constant which cannot be fixed from the first principles of the gravity side. We shall
now apply this proposal to compute the Fisher information metric for the black brane. The
change in volume under Ryu-Takayanagi minimal surface at second order in perturbation takes
the form (for β = 0 case)
V − V(0) = −
[
V(d−2)l
2
4b0
2(d− 1)mv0 +
V(d−2)l
d+2
(2b0)d+2
m2v00
]
. (59)
The holographic dual of Fisher information metric is now defined as
GF,mm = ∂
2
mF ; F = Cd
(
V − V(0)
)
(60)
with the constant Cd to be determined by requiring that the holographic dual Fisher information
metric from the above equation must agree with that obtained from the relative entropy (57).
The constant Cd is therefore given by
Cd =
h0a1
4G(d+1)v00
. (61)
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On the other hand the relative entropy for boosted black brane (β 6= 0) is given by [53]
Srel = − 1
4G(d+1)
[(
l
2b0
)d+2 (
h0 + h1β
2γ2 + h2β
4γ4
)
m2
]
(62)
where
h1 =
(
−b1
b0
+
a2
2a1
)
h2 =
d+ 1
d− 1
(
− b1
2b0
+
3a2
4a1(d+ 1)
)
. (63)
It is to be noted that h1 and h2 have negative values for all d. Hence Srel is a positive quantity.
Thus the Fisher information metric reads
GF,mm =
∂2
∂m2
Srel = − 1
2G(d+1)
(
l
2b0
)d+2 (
h0 + h1β
2γ2 + h2β
4γ4
)
. (64)
Now the change in volume under Ryu-Takayanagi minimal surface at second order in perturba-
tion takes the form (for β 6= 0 case)
V − V(0) = −
V(d−2)l
2
4b20(d− 1)
(
d− 2
d− 1
pib1
2b20
+ (2− d)c0
)
m− V(d−2)l
2β2γ2
4b20(d− 1)
(
d− 2
d− 1
piIl
2b20
+ c2 − (d− 1)c0
)
m
−V(d−2)l
d+2
(2b0)d+2
(v00 + β
2γ2v01 − β4γ4v11) . (65)
The holographic dual of the Fisher information metric can be defined as eq.(60) with the constant
Cd as follows
Cd =
a1
4G(d+1)
(
h0 + h1β
2γ2 + h2β
4γ4
v00 + β2γ2v01 − β4γ4v11
)
. (66)
It is obvious from the above expression that the constant Cd matches with eq.(61) in the β → 0
limit. We would like to mention that the constant Cd in this case depends on the boost parameter
β which in the case of the pure black brane was independent of any physical parameter and
depend only on the dimensionality of the spacetime.
We now look at the other holographic proposal [51] to compute the fidelity susceptibility. For
pure states the expression for fidelity (51) reduces to
〈Ψ(λ)|Ψ(λ+ δλ)〉 = 1−Gλλ(δλ)2 + · · · . (67)
where for simplicity we assume that the states depend on a single parameter λ. Therefore one
can say that Gλλ measures the distance between two quantum states. Gλλ is called fidelity
susceptibility . In [51] it has been proposed that for a d- dimensional CFT deformed by a
perturbation, the fidelity susceptibility can be computed holographically by the formula
Gλλ = nd−1
V ol(Σmax)
Rd
(68)
where nd−1 is a O(1) constant and R is the radius of curvature of AdS spacetime. Σmax is the
maximum volume in the AdS that ends at the AdS boundary at a fixed time slice. Though
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the above formula has been derived for the case of pure states, it has been also applied for
mixed states [51]. Therefore we can apply this formula to calculate the fidelity susceptibility for
boosted black brane.
Let us first calculate fidelity susceptibility for the AdS black brane. The metric for AdS black
brane in (d+ 1)- dimensions is given by
ds2 =
1
z2
(
−fdt2 + dx21 + · · ·+ dx2d−1 +
dz2
f
)
(69)
with
f = 1− z
d
zd0
. (70)
Using the formula (68), the fidelity susceptibility reads
Gλλ = nd−1L
d−1
∫ z0
δ
dz
1
zd
√
1− zd
zd0
=
nd−1L
d−1
zd−10
[
1
d
B(
1− d
d
,
1
2
) +
zd−10
(d− 1)δd−1
]
.
(71)
We see that the above expression for the fidelity susceptibility does not agree with the Fisher
information metric obtained in eq.(57). We now proceed to calculate the fidelity susceptibility
for the boosted black brane metric (11). In this case the fidelity susceptibility takes the form
Gλλ = nd−1L
d−1
∫ z0
δ
dz
1
zd
√
K(z)
f(z)
= nd−1L
d−1

 1
zd−10
√
1− β2
∫ 1
0
dt
1
td
√
1− β2(1− td)
1− td +
1
(d− 1)δd−1

 (72)
where t = z/z0. Now making a transformation 1− td = p yields
Gλλ = nd−1L
d−1
[
1
d
√
1− β2zd−10
∫ 1
0
dp√
p
√
1− β2p
(1− p) 2d−1d
+
1
(d− 1)δd−1
]
= nd−1L
d−1
[
1
d
√
1− β2zd−10
B(
1
2
,
1− d
d
)2F1(−1
2
,
1
2
;
2− d
2d
;β2) +
1
(d− 1)δd−1
]
.
(73)
It is clear from eq. (73) that in the β = 0 limit, the result matches with that of the AdS
black brane given in eq. (71). We see that the above expression for the fidelity susceptibility
does not agree with the Fisher information metric obtained in eq.(64). Although from quantum
information literature we know that these two quantities are related (See appendix (B)). A
possible reason for this difference in the holographic results for the two metrics may be due to
the difference in their definitions, which in the Fisher information metric case is an integration up
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to the turning point of the RT surface whereas in the fidelity susceptibility or the Bures metric
case involves an integration up to the horizon radius of the black brane solution. The definition
of fidelity susceptitbility given in [51] is an exact expression, while the Fisher information metric
in [49] is obtained by computing the volume integral perturbatively upto second order. From
the quantum information literature it is known that both the metrics are obtained by evaluating
fidelity or relative entropy between a reference state (ρ0) and a one parameter family of nearby
states (ρ = ρ0 + λδρ + λ
2δ2ρ). It should be noted that the expressions of the two metrics
from the quantum information perspective gets contribution from the first order perturbation
in the density matrix eq.(50), Appendix (B) whereas the expressions from the bulk require
perturbations upto second order in the bulk metric and perturbations of the extremal surface.
However it is not clear how this perturbation of density matrices on the boundary are exactly
related to the perturbations of the extremal surface and the metric in the bulk. This discrepancy
could be a reason for the two results not being in agreement with the results from the quantum
information viewpoint.
Further, from the bulk perspective we see that for the Fisher information metric case an
integration up to the turning point of the RT surface is involved which is obtained perturba-
tively. This act of evaluating the volume integral perturbatively contains the information of the
asymptotic region only [31, 32]. However, the fidelity susceptibility or the Bures metric case
involves an integration up to the horizon radius of the black brane solution and the integral
is evaluated exactly, no ordering is maintained. Thus it contains the information of the full
spacetime geometry. This could be another reason for the disagreement.
5 Conclusion
In this paper, we have computed the holographic subregion complexity for a boosted black
brane for two cases where the boost direction is in the parallel and perpendicular direction to
the strip length comprising the subsystem. The computation have been carried out upto both
first and second orders in the boost parameter. An asymmetry has been found in the holographic
subregion complexity upto first order. This asymmetry in the holographic subregion complexities
owes its origin to the asymmetry in the holographic entanglement entropies in the perpendicular
and the parallel directions which in turn can be related to the unequal entanglement pressure.
The results upto second order in the boost parameter have been used to compute the Fisher
information metric upto an undetermined constant. This constant has been fixed by equating
this result with the holographic computation of Fisher information metric from the relative
entropy. This has been done for both the pure black brane as well as the boosted black brane.
The fidelity susceptibility has also been obtained by using the proposal in [51]. It is observed
that the expressions for the Fisher information metric and the fidelity susceptibility are not
related to each other [40]. This is one of the main results in this paper and shows a remarkable
dissimilarity with the results present in the quantum information literature where it is known
that the two distances may be related in general. It would be interesting to investigate in what
bulk limit or approximation does the fidelity susceptibility gets related to the Fisher information
metric.
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A List of Beta function Identities
In this appendix we give some useful Beta function integrals which we have used in the paper.
b0 =
∫ 1
0
dt td−1
1√
R
=
1
2(d− 1)B(
d
2d− 2 ,
1
2
) =
√
piΓ
(
d
2d−2
)
Γ
(
1
2(d−1)
)
b1 =
∫ 1
0
dt t2d−1
1√
R
=
1
2(d− 1)B(
d
d− 1 ,
1
2
) =
√
piΓ
(
d
d−1
)
(d+ 1)Γ
(
1
2 +
1
d−1
)
b2 =
∫ 1
0
dt t3d−1
1√
R
=
1
2(d− 1)B(
3d
2d− 2 ,
1
2
)
Il =
∫ 1
0
dt td−1(1− td) 1
R
3
2
=
d+ 1
d− 1b1 −
1
d− 1b0
c0 =
∫ 1
0
dt
td√
R
=
1
2(d − 1)B(
d+ 1
2(d− 1) ,
1
2
) =
pi
2(d2 − 1)b1
c1 =
∫ 1
0
dt
t2d√
R
=
1
2(d − 1)B(
2d+ 1
2(d− 1) ,
1
2
) =
pi
2(2d + 1)(d − 1)b2
c2 =
∫ 1
0
dt
(1− td)
R
3
2
=
2
d− 1c0 +
d− 2
2(d− 1)2B(
1
2(d − 1) ,
1
2
) =
pi
(d+ 1)(d − 1)2b1 +
pi(d− 2)
2(d− 1)2b0
c3 =
∫ 1
0
dt
td(1− td)
R
3
2
=
2
d− 1c0 +
d+ 2
d− 1c1∫ 1
0
dt√
1− t2(d−1)
=
pi
2(d− 1)b0
Jl =
∫ 1
0
dt td−1
(
β2γ2
4
td + β4γ4
(
3(1 − td)
8(1− t2(d−1)) −
1
2
))
(1− td)
R
3
2
= β2γ2J1 + β
4γ4J2
Kl =
∫ 1
0
dt
(
β2γ2
4
td + β4γ4
(
3(1 − td)
8(1− t2(d−1)) −
1
2
))
(1− td)
R
3
2
= β2γ2K1 − β4γ4K2 (74)
with
J1 =
1
4(d − 1) ((2d+ 1)b2 − (d+ 1)b1)
J2 =
1
8(d − 1)2 ((3− 2d)b0 − 2(d+ 1)(3 − d)b1 + 3(2d + 1)b2)−
Il
2
K1 =
1
2(d− 1)c0 +
d+ 2
4(d− 1)c1
K2 = − d− 4
4(d− 1)2 c0 +
(d+ 2)(d − 4)
8(d− 1)2 c1 +
d
8(d− 1)c2 (75)
where B(m,n) = Γ(m)Γ(n)Γ(m+n) are the Beta-functions and we have used the identity B(x,
1
2 )B(x+
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1
2 ,
1
2) =
pi
x . Further integrals are
a0 =
∫ 1
0
dt t−d+1
1√
R
=
1
2(d− 1)B(
1− d/2
d− 1 ,
1
2
)
a1 =
∫ 1
0
dt t−d+1
td√
R
=
1
2(d− 1)B(
1
d− 1 ,
1
2
)
a2 =
∫ 1
0
dt t−d+1
t2d√
R
=
1
2(d− 1)B(
1 + d/2
d− 1 ,
1
2
)
Ia =
∫ 1
0
dt td−1(1− t2d) 1
R3/2
=
2d+ 1
d− 1 b2 −
1
d− 1b0 . (76)
Some identities we have used are
b0 = (2− d)a0, b1 = 2
d+ 1
a1, b2 =
2 + d
2d+ 1
a2 . (77)
B Relation between quantum Fisher information and the Bures
metric
Here we will review the relation between the Bures metric and the quantum Fisher information
metric. Our discussion here will follow that of [38]-[40]. The Bures distance is a measure of
distinguishability between two quantum states ρ1 and ρ2 and is defined as
DB(ρ1, ρ2) = 2
√
1− F (ρ1, ρ2)
where F (ρ1, ρ2) is the fidelity between the two states and is defined as
F (ρ1, ρ2) = Tr
√√
ρ1 ρ2
√
ρ1 . (78)
Now the Bures metric [60] is defined as
ds2B = gijdλidλj = DB(ρ, ρ+ λρ)
2 . (79)
If ρ and σ are both pure states then the Bures metric reduces to eq.(67).
Another important metric on the state space is the quantum Fisher information metric [62].
It is a symmetric positive or positive semidefinite metric given by
Hij =
1
2
Tr [(LiLj + LjLi) ρ] (80)
where Li is the symmetric logarithmic derivative and is defined as the operator solution to the
equation
1
2
(Liρ+ ρLi) = ∂iρ .
Using the spectral decomposition of the density matrix as ρ =
∑
k pk |k〉 〈k| one can rewrite
eq.(80) as
Hij = 2
∑
pk+pl>0
Re(〈k| ∂iρ |l〉 〈l| ∂jρ |k〉)
pk + pl
(81)
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where Re denotes the real part. The statistical equivalent distance of this metric is obtained by
maximizing the mixed state generalization of the Fisher information over all possible quantum
measurements [36]. Now in order to find a relation between the two metrics we need to calculate
the Bures distance between two infinitesimally close states ρ1 = ρ0 and ρ2 = ρ0 + λδρ. In order
to calculate this we need to first obtain an expression for F (ρ0, ρ0 + λδρ). Let us consider the
expression √√
ρ0 (ρ0 + λδρ)
√
ρ0 = ρ0 +X + Y (82)
where X and Y are the first and second order terms in λ. Now squaring the above equation and
equating terms at each order in λ gives
√
ρ0 δρ
√
ρ0 = Xρ0 + ρ0X , −X2 = Y ρ0 + ρ0Y .
One can write the above expression in a diagonal basis of ρ with eigenvalues pk > 0 as
〈k|X |l〉 = p
1
2
k p
1
2
l
(pk + pl)
〈k| δρ |l〉 , 〈k|Y |l〉 = −〈k|X
2 |l〉
(pk + pl)
.
Since Trρ = 1 thus Tr = δρ = 0. This implies that TrX = 0 and hence the only contribution
comes from the second order term. The trace of the second order term is
TrY = −1
4
∑
pk+pl>0
| 〈k| δρ |l〉 |2
(pk + pl)
. (83)
Now from eq.(s)(78), (82) we can write the fidelity as
F (ρ0, ρ0 + λδρ) = Trρ0 + TrX + TrY = 1 + TrY . (84)
Thus the Bures distance from eq.(79) is given by
ds2B = gijdλidλj = DB(ρ0, ρ0 + λδρ)
2 = 2 (1− F (ρ0, ρ0 + λδρ))
and thus using eq.(s)(84), (83) and (81), we get
gij =
1
2
∑
pk+pl>0
Re(〈k| ∂iρ |l〉 〈l| ∂jρ |k〉)
(pk + pl)
=
1
4
Hij . (85)
The above expression gives the relation between Bures and quantum Fisher information metric.
It is important to note that the expression (85) was obtained by considering only first order
terms in the density matrix perturbation. On accounting for second order perturbation, eq.(85)
will receive contributions from ρ and its derivatives [40].
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